Unidirectional surface plasmon polaritons (SPPs) at the interface between a gyrotropic medium and a simple medium are studied in a newly-recognized frequency regime wherein the SPPs form narrow, beam-like patterns due to hyperbolic dispersion. The SPP beams are steerable by controlling parameters such as the cyclotron frequency (external bias) or the frequency of operation. The bulk band structure along different propagation directions is examined to ascertain a common bandgap, valid for all propagation directions, which the SPPs cross. The case of a finite-thickness gyrotropic slab is also considered, for which we present the Green function and examine the thickness and loss level required to maintain a unidirectional SPP.
I. INTRODUCTION
Topological surface waves have several important features; namely, they are unidirectional, and they operate in the bulk bandgap of a topologically nontrivial material [1] [2] [3] [4] [5] [6] [7] [8] . Upon encountering a discontinuity, they are immune to back-scattering, and because they operate in the bulk bandgap, they do not radiate into the bulk. As such, they are forced to pass over the discontinuity, and the lack of scattering or diffraction makes them interesting from a wave-propagation aspect, and promising for device applications [9] [10] [11] [12] . The topological SPPs can be characterized by an integer invariant (e.g., the Chern number), which cannot change except when the underlying momentum-space topology of the bulk bands is changed [7, [13] [14] [15] [16] [17] . Thus, another view of the reflectionand diffraction-free aspect of topological SPPs is that they are governed by the bulk properties so that they are not sensitive to surface features, and can only change qualitatively when the bulk topology changes. A change in topology arises when a bandgap is closed or opened, which occurs for the biased plasma considered here when the bias field is reversed in direction. A static magnetic bias field applied to a plasma breaks time reversal symmetry and leads to topologically non-trivial properties, bringing about the existence of topologically-protected unidirectional photonic surface states [12, 16, 18] .
In this paper, we examine a newly-discovered regime of gyrotropic SPPs [19] - [20] , wherein the SPPs are, similar to topological SPPs, unidirectional, operate in a bulk bandgap (and so are diffraction-free), and only change their properties qualitatively when the topology of momentum space is changed. Moreover, they form narrow beam-like patterns, similar to the case of hyperbolic media.
Unlike in isotropic media, which is described by a single bulk dispersion diagram identical in every direction, for the anisotropic case, the possibility of a bulk bandgap must be considered in different propagation directions. In this work, we have identified a bulk bandgap common to all propagation directions, within which the SPPs exist. However, it seems difficult or perhaps impossible to assign a topological integer-invariant to describe these SPPs as they propagate in different directions at different frequencies within the gap, and so, strictly-speaking, these SPPs are not topological. Nevertheless, we show that they still exhibit unidirectional propagation and inherent robustness to discontinuities.
In the following, the common bulk bandgap is discussed, the behavior of the SPPs is determined, and a Green function is obtained for a finite-thickness gyrotropic layer. Additionally, we investigate the backscattering immune properties of a surface wave propagating at the magnetized plasma-air interface, and also on the surface of a magnetized plasma slab in the presence of a defect in the lower bandgap frequency regime.
II. BULK-MODE AND SPP DISPERSION ANALYSIS
The geometry of interest is depicted in Fig. 1 , showing a finite-thickness gyrotropic slab immersed in a simple medium characterized by ε r,0 for z > z 1 = 0 and ε r,2 for z < −z 2 = −h. The gyrotropic medium is assumed to be a plasma immersed in a static external magnetic field B 0 =ŷB 0 . Assuming time harmonic variation e −jωt ,
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the magnetized plasma is characterized by the dielectric tensor,ε
where the permittivity elements, {ε t , ε a , ε g } are [21] 
such that ω p = N q 2 e /m e ε 0 , ω c = −q e B 0 /m, and Γ = 1/τ denote the plasma, cyclotron, and collision frequencies, respectively, where N is the free electron density, q e = −e is the electron charge, m e is the electron mass, and τ is the relaxation time between collisions. The above model is local; as studied in [22] , a nonlocal Drude model leads to the presence of a backward propagating modes. However, the effect of non-locality is evident only for very large wavenumbers and the backward waves vanish when considering realistic levels of loss [20] , and so non-locality is ignored here.
FIG. 1. Slab of gyrotropic material with finite thickness, h.
The slab is biased with a static magnetic field in the xoy plane. A vertical dipole is suspended a distance d above the slab and is responsible for exciting the displayed field pattern near the top surface of the slab. The wavenumber associated with a bulk mode propagating within the slab is denoted k b , and is represented in a local coordinate system where α b denotes the angle which k b makes with respect to the y-axis.
A. Dispersion of bulk modes in a gyrotropic medium -the existence of a common bandgap
The characteristics of the bulk modes in an anisotropic medium depend on the direction of propagation. In a structure exhibiting bulk band-gaps, these will also be direction-dependent. In this section, we study the bulk dispersion behavior of a gyrotropic medium in order to identify a bulk bandgap, common to all propagation directions. We begin with a plane wave having wave vector, k b , propagating in a gyrotropic medium at angle, 
where k b = k t +ŷk y such that |k t | = k b sin α b and k y = k b cos α b . Evaluation of the determinant leads to the dispersion equation for the bulk modes,
The dispersion diagrams associated with the bulk modes of a magneto-plasma are shown in Fig. 2 . We consider ω p = 2π (20 THz) and ω c /ω p = 0.4 here and throughout the rest of the paper. Figures 2a and 2b show the dispersion of bulk modes which propagate parallel (α b = 0 • ) and perpendicular (α b = 90
• ) to the magnetic bias, respectively. In the parallel case, the two intersection points correspond to Weyl points arise from crossings between longitudinal plasma modes and transverse helical modes [23] . Figures 2c and 2d show the dispersion for two arbitrary angles in the range, 0
• < α b < 90
• . As seen in Fig. 2 , there are four branches of the dispersion. The second branch from the top (dashed red) corresponds to an ordinary wave, independent of the magnetic bias, which does not lead to a topological SPP. Two bandgaps form between the other three branches as shown in the shaded regions of Fig. 2 . The size of the bandgaps depend on the propagation direction as well as the magnetic bias field strength. The upper bandgap is smallest when α b = 90
• . Conversely, the lower band-gap is smallest when α b = 0
• . As such, we take the smallest upper (lower) band-gap to represent the common upper (lower) bandgap for all propagation angles, 0
• . Points a and b do not change with the propagation angle. The common bandgap and its impact on surface waves is considered further in the following.
B. Surface Plasmon Polariton Dispersion
A surface wave that propagates along the interface between a gyrotropic medium and an isotropic medium has a longitudinal wave vector component, k s =xk x +ŷk y , where the propagation angle, φ s , is made with respect to the x axis. Solving the bulk dispersion equation (4), we obtain k b,i =xk x +ŷk y +ẑmk z,i for i ∈ {1, 2} and m ∈ {±} where we define k z,i = jγ i such that [24] 
and
The dispersion relation for the SPP can be obtained by matching the tangential components of the electric and magnetic fields at the interface [Appendix C, [25] ], leading to the 4 × 4 system of homogeneous equations
where
. Nontrivial solutions are obtained when the determinant of the coefficient matrix on the left hand side of (7) is set equal to zero. Evaluation of the determinant and division through by −jk
where k z = jγ and the quantities n A , n the well-studied [26] case of propagation perpendicular to the bias (k y = 0) the SPP dispersion is found to be
g /ε t . For k y = 0, the general dispersion equation (9) must be used.
As considered in recent photonic topological work [27] , we are interested in bulk-bandgap crossing SPPs. Since the upper bandgap for the perpendicular case and lower bandgap for the parallel case determine the common bandgap of all bulk modes, we consider the SPP modes that cross these two common bandgaps.
A surface mode propagating in the xoy plane generally possesses two wave vector components, k x and k y . Therefore, a three-dimensional surface is needed to completely describe the SPP dispersion. As shown in Fig. 3 the SPP modes form two frequency bands. The upper band is asymmetric about the k x = 0 plane and symmetric about the k y = 0 plane and passes through the upper bulk bandgap. The upper band of SPP modes in the magnetized plasma-opaque structure lead to topological unidirectional and back-scattering immune SPPs which has been well studied in [6, 19, 27, 28] . For the case that the magnetized plasma immersed in a transparent medium, the upper band represents fast surface waves. These surface waves leak rapidly into the transparent medium. Similarly, the lower band is asymmetric about the k x = 0 plane and symmetric about the k y = 0 plane. Furthermore, this lower band passes through the lower bulk bandgap. Dispersion in this lower band leads to beam-like SPPs and has only recently been considered in our previous paper [20] ; this is the main subject of this work. tion and given by (27) . The phase and group velocities of an SPP are calculated as v p =k s ω/ |k s | and
respectively. This means that the group velocity, representing the directional flow of electromagnetic energy, is orthogonal to the equi-frequency contours. According to Fig. 4a the EFCs at low frequencies are nearly circular such that energy flows isotropically. Hence, the resulting field pattern is essentially omni-directional (see Fig. 6a discussed in the next section). As frequency increases, the semi-major axis of the EFC becomes elongated (Fig.  4b ) such that the energy begins to flow asymmetrically. For ω = 0.53ω p , the EFC becomes hyperbolic with the arms of the hyperbola widening as frequency increases (see Fig. 4c-f ). When the EFC becomes hyperbolic, two directional, narrow beams form in the SPP field pattern (see, e.g., Fig. 6c,d) . Moreover, the equi-frequency contours of the upper band in Fig. 3a show that the surface plasmons in this frequency range are mainly directed along the y direction (along the bias), existing down to the limit k y → 0. Figure 5 shows the SPP dispersion behavior for the lower band, at different propagation angles (i.e., it shows several two dimensional traces of the SPP dispersion surface shown in Fig. 3b ). Each branch of the SPP dispersion converges to [25] 
in the limit k s → ∞, derived using the quasi-static approximation. The maximum and minimum quasi-static resonance, ω ± = ω k (φ s = 0), indicated in Figs. 3b and 5, correspond to an SPP mode which propagates perpendicular to the bias. The dispersion is divided into four frequency regions: in Regions I and IV, there is no common bulk bandgap, whereas in Regions II and III, there exists a common bulk bandgap. In Region II, where the EFC is hyperbolic (see Fig. 4c-f) , we have directional propagation and the SPP field pattern consists of two narrow beams which are symmetric with respect to the x axis (e.g. Fig. 6c,d) , and since ω(−k s ) = ω(k s ), unidirectional behavior is also possible, making this frequency regime of central interest. Although in Region III there still exists a common bulk bandgap, narrow beams do not form in the SPP field pattern due to the fact that the EFC is ellipsoidal (see Fig. 4b ). Moreover, SPP propagation is nearly reciprocal. In Region IV, the EFC is circular (Fig. 4a) , indicating that the expected SPP field pattern is omni-directional (see Fig. 6a ), and from the dispersion shown in Fig. 5 , it is evident that the SPP is reciprocal, i.e. ω(−k s ) = ω(k s ).
As a partial summary, we have carefully studied the recently-identified lower band dispersion of surface waves on a dielectric-gyrotropic plasma interface, and have identified four regions (I-IV in Figs. 3 and 5) with different characteristics.
III. GREEN FUNCTION FOR A FINITE-THICKNESS PLASMA, AND SPP BEAM PATTERN IN SPACE
In the last section we considered a simple materialgyrotropic plasma interface, the Green function for which is provided in [25] . In this section, we expand that analysis to consider a finite-thickness gyrotropic layer. We present a closed-form expression (as a Sommerfeld integral) for the Green function in the simple dielectric regions above and below the slab, which we believe to be a new result. Importantly, we also provide the Green function coefficient in quotient form for each case, which leads to the identification of the SPP dispersion equation (setting the denominator to zero), and allows the residue of the Green function, corresponding to the SPP, to be evaluated.
The procedure to derive the Green function follows that in [25, 29] . The incident field excited by an electric dipole source, with dipole moment p e =xp x + yp y +ẑp z , suspended a distance d above the first interface, is given by E p (r) = ∇∇ +Īk 2 0 ε r,0 · π p (r), where π p (r) denotes the principal hertzian potential due to the dipole source, which we write in terms of the principal Green function, π p (r) = g p (r, r 0 ) p e /ε 0 ε r,0 , where g p (r, r 0 ) = e jk0 √ εr,0|r−r0| /4π |r − r 0 | such that ε r,0 is the relative permitivitty of the top layer (see Fig. 1 ) and r 0 = (0, 0, d). Following [25] , the principal and scattered fields may be written similarly in Sommerfeld integral form,
whereC p z≷d andC r,t take the form,
such thatĀ
The reflection and transmission coefficients for a slab of finite depth, h, are denoted bȳ R (ω, k s ) andT (ω, k s ), respectively. It is shown in the appendix that these 2×2 tensor coefficients take the form
whereT nn =Ī s +R nn for (n, n ) ∈ {(0, 1) , (1, 0) , (1, 2)} andR
such thatP m E denotes the spacial propagator, which accounts for the accumulated phase as the wave propagates within the gyrotropic medium in the ±z directions. The single interface reflection coefficients associated with each interface,R nn , along with the spacial propagator,P m E , can alternatively be expressed in numerator/denominator form as
where the quantities Ω nn , Π nn , χ m , and ∆ m are defined in the appendix. For the single interface case, we find that setting Ω 01 to zero inR 01 gives the expected dispersion relation for the SPP (9) .
In the special case where a z directed dipole moment, p e =ẑp z , is placed at a height d above the first interface (z > 0), the z component of the scattered electric field simplifies to
such that, for a single interface,
Using (26), the electric field distribution near the interface of a half-space gyrotropic media for ρ = 0.7λ, z = 0.008λ p , and 0 < φ < 2π, is shown in Fig. 6 . The results obtained in COMSOL are also shown Fig. 6 , and agree with the Green function analysis.
As shown in Fig. 6a , the expected behavior of surface wave propagation for operating frequencies that lie in Region IV of the dispersion (see Figs. 3 and 5) , is omnidirectional. In Region III, propagation is bi-directional, with the SPP intensity concentrated to one half plane as depicted in Fig. 6b . Transitioning from Region IV to Region I, the expected behavior increasingly tends toward unidirectional. Interestingly, for frequencies that satisfy the SPP resonant condition, ω − < ω < ω + (Regions I and II), Fig. 6c,d , show that narrow-beam directional propagation is obtained, consistent with the previous discussion of equi-frequency contours; two representative results which satisfy the resonant condition, ω = 0.6ω p and ω = 0.65ω p are shown. At ω = ω − , the field pattern forms two narrow beams which approach each other as the operating frequency increases. Eventually, the two beams join to form a single beam at ω = 0.76ω p , corresponding to the saturation frequency of the φ s = 90
• branch in Fig. 5 , and then split to form two beams for 0.76ω p < ω < ω + . Therefore, the angle of the beams with respect to the x axis is adjustable with frequency as well as the magnetic bias. Furthermore, if the direction of the magnetic bias is flipped, the beams propagate in the opposite direction.
To have an indication of the inherent robustness of the SPP within the resonant range, a discontinuity in the form of a hole/block is constructed in an attempt to impede the SPP. A unidirectional SPP that crosses a band gap in reciprocal space is immune to the effects of backscattering and diffraction. To illustrate this, Fig. 7a,b shows the electric field due to a electric point source near the vacuum-plasma interface of a plasma half-space. The SPP passes through the discontinuity without reflection or diffraction. Similarly, for a finite-thickness slab, the SPP excited on the top surface, upon encountering the end of the plasma, passes onto the bottom surface, as shown in Fig. 7c (top view) and Fig. 7d (bottom view) .
As shown above, the vacuum-plasma interface can support a uni-directional SPP. However, it is not clear if a thin, finite-thickness slab can also support such an SPP. Figure 8 shows the SPP pattern obtained by evaluating the scattered/reflected Green function field (14) as a function of angular position in the xoy plane. For this analysis, we consider a vertical dipole source, operating with frequency ω = 0.65ω p and positioned at the upper interface (z 1 = 0) of a gyrotropic plasma slab with a fixed thickness h = λ p . Figure 8 shows the scattered field for the fixed observation point (ρ, z) = (0.08λ p , 0.008λ p ) and several values of loss within the range 0 < Γ < 10 −4 ω p . For a sufficient amount of loss, Γ = 10 −4 ω p , only two beams appear in the field pattern, similar to those obtained for a single interface (see Fig. 6d ). As the loss decreases from Γ = 10 −4 ω p to Γ = 0, we see the emergence of two backward beams present on the upper interface (due to the evanescent tail of the bottom-surface SPP), which indicates the breakdown of uni-directional behavior.
A. Quasi-Static Approximation
Further insight can be gained by a quasi static approximation, where the electric field is written in terms of the electro-static potential, φ k , such that E k ≈ −∇φ k , assuming the associated magnetic field is negligible. Solving Gauss' law in both isotropic and gyrotropic media, and applying boundary conditions for the tangential components of the electric field at each interface, the electric potential for a symmetric slab (centered at z = 0) is obtained as 
wherek s = k 2 x + ε a k 2 y /ε t , h denotes the slab thickness and C 1 and C 2 are parameters can be obtained by applying the mode orthogonality condition. Enforcing continuity of the normal components of electric displacement at the two interfaces leads to the quasi-static SPP dispersion relation
The quasi-static approximation is valid only for SPPs with short wavelength (k s → ∞). In the limit h → ∞, the dispersion relation reduces to that derived for a single interface [25] ,
(31) Figure 9 shows the solutions to the quasi-static relation (30) for several values of cyclotron frequency, representing the SPP resonance in the quasi-static limit. For a given ω value, there are four values of φ s , two of which correspond to the forward beams and the other two correspond to the backward beams (see Fig. 8 ). In the presence of a magnetic bias, the SPP resonance depends on the direction of the SPP modes, however, it is independent of the slab thickness for large values of k s . Numerically we find that in the absence of magnetic bias (ω c = 0), the SPP resonance at lim
which shows that SPPs become direction independent in this limit, as expected.
The quasi-static dispersion in Fig. 9 suggests that four beams may be present in the scattered field profile for operating frequencies that fall within the SPP resonant range ω − < ω < ω + . For example, consider an operating frequency of ω = 0.65ω p and cyclotron frequency ω c = 0.4ω p . From the quasi static dispersion, we find that the in-plane wave vector, and hence, phase velocity, of the SPP (approximately) makes an angle φ s ∈ {60
• , 120
• , 240
• , 300
• } with respect to the x-axis. The group velocity (i.e. the direction of energy flow as indicated by the direction of the beams) of the SPP is perpendicular to the phase velocity and therefore, makes an angle φ s + 90
• ∈ {150
• , 210
• , 330
• , 30
• } with respect to the x-axis. In the low loss limit, the scattered field profile shows four beams with the expected aforementioned angles made with respect to the x-axis (see Fig.  8d ). However, for a lossy slab, we find that only two beams become present on any given surface at angles φ s + 90
• ∈ {330
• } (top) and φ s + 90
• } (bottom) (see Fig. 8a ). That is, the quasi-static analysis provides four symmetric beams, two of which will be excited on a given interface (top or bottom). 1/h. The cyclotron frequency ranges from 0 to 0.4ωp. From these results, we find that for a given operation frequency, a maximum of four beams is possible in the SPP beam pattern. Additionally, we find that as magnetic bias increases, the SPP resonant range also increases.
IV. CONCLUSION
We have investigated the behavior of surface plasmon polaritons propagating at the interface between vacuum and gyrotropic plasma for both infinite-and finitethickness slab configurations. We have identified a bulk bandgap, common to all propagation angles. The operating frequency is chosen to lie within the lower common band gap, wherein omni-directional, bidirectional, and narrow directional beam patterns are observed. Operating in the bandgap gives the SPP interesting properties that protect it from back scatter and diffraction in the presence of a discontinuity. The direction of the SPP beams are adjustable with operation frequency and also the bias magnetic field. The Green function and quasistatic approximation to the dispersion have also been obtained for a finite-thickness slab.
APPENDIX: DYADIC GREEN FUNCTION FOR A FINITE THICKNESS SLAB
Here, we derive the plane wave reflection and transmission coefficients which relate the tangential field components of the electric field reflected and transmitted from a gyrotropic slab of finite thickness, h. As in [25] , it is important to define a convenient, orthogonal coordinate system in which to expand the amplitude vector of a plane wave propagating in the gyrotropic medium. The set of orthogonal unit vectors which span this co- (2) are characterized by εr,0 and εr,2 respectively, while Region (1) is characterized by the gyrotropic permitivitty tensor,εr,1, defined in (1). The electric fields associated with plane waves propagating in each region, with group velocity in the ±z directions, are also shown.
ordinate system is given by k m t,i ,ŷ,k m t,i ×ŷ , wherê k m t,i =xk x +ẑmk z,i for m ∈ {±} and i ∈ {1, 2}. The fields above and below the interface, are simply expanded in terms of the Cartesian basis, {x,ŷ,ẑ}. The relationship between the electric and magnetic fields above and below the slab is given by
where the electric and magnetic fields in the dielectric regions are related usinḡ
while the electric and magnetic fields within the gyrotropic plasma are related using
Matching the tangential components of the electric and magnetic fields at each interface yields
From (35)- (40) we findT nn =Ī s +R nn wherē
where the electric field associated with a plane wave propagating a distance, h = |z 2 − z 1 |, along the ±z direction within the gyrotropic slab, is given by
whereP m E denotes the spacial propagator, which effectively propagates the electric field a distance h through the slab and takes the form
.
Using (47)-(48) in (43)-(46) leads to
wherē
After some algebra, we find that (41), (49), (54), and (55) may be written in numerator/denominator form as
where we define 
such that 
Θ 11 = Π 
Θ 12 = Π 
Σ 22 = Ω 10 Φ − Θ 11 Ω 01 + Π
